Using the memory conception developed in the framework of the MoriZwanzig formalism, the kinetic equations for relaxation functions that correspond to the previously suggested empirical functions (Cole-Davidson and Havriliak-Negami) are derived. The obtained kinetic equations contain differential operators of non-integer order and have clear physical meaning and interpretation. The derivation of the memory function corresponding to the Havriliak-Negami relaxation law in the frame of Mori-Zwanzig formalism is given. A physical interpretation of the power-law exponents involved in the Havriliak-Negami empirical expression is provided too.
theory of dielectric relaxation cannot describe properly the low-frequency spectrum, where the real relaxation behavior can deviate essentially from the conventional exponential Debye's pattern and actually it is characterized by a broad distribution of relaxation times. Such behavior is reflected in the title anomalous dielectric relaxation and in the first time was suggested empirically in the pioneer paper [2] of the Cole's brothers in year 1941 for description of dielectric relaxation in polar liquids. These and subsequent investigators have proposed [4, 7] various empirical formulas describing the departure from the Debye behavior. In specific terms, the normal Debye relaxation process is characterized by a normalized complex dielectric permittivity (NCDP) function
where ε(iω) determines the complex dielectric permittivity (CDP), ε 0 and ε ∞ are low-frequency and high-frequency limits of the CDP ε(iω), correspondingly, τ is a characteristic relaxation time defined in the present context as the Debye relaxation time. Equation (1.1) adequately describes the low frequency behavior of the observed complex susceptibility of many simple polar liquids. A significant amount of experimental data on disordered systems supports the following empirical expressions for dielectric loss spectra, namely, the Cole-Cole equation [2] 
and the Havriliak-Negami equation [7] ε(iω)
which is a combination of the Cole-Cole and Cole-Davidson equations. At present time there are some theoretical approaches that allow to justify these empirical expressions. We want to remark here the basic ones. At first, we want to remark the stochastic approach [20, 6] which is based on the "continuous time random walk" (CTRW) method, secondly, the generalization of the generalized Fokker-Planck equation [8] and a method that is based on the idea of self-similar processes of relaxation in heterogeneous media [15, 16, 11, 12, 10, 14] . But in spite of certain progress in this field and importance of some of the results obtained, the question about the microscopic origin of the basic kinetic equations that describe the collective process of dielectric relaxation is still opened for understanding. So, there is a barest necessity of construction of a general microscopic theory that would allow deriving and understanding the physical meaning of the empirical expressions (1.2)-(1.4) and give a physical interpretation for the stretching power-law exponents α and β connecting them with the structural and dynamic parameters of the medium considered.
The most acceptable approach in achieving this purpose we see in derivation of the kinetic equations with memory from the first principles.
So, the general method based on the Zwanzig-Mori projection operators is the most suitable for this aim because it is based on the general Hamiltonian formalism. Thus, in this paper we show how to derive the desired kinetic equations, leading in the frequency region to the empirical expressions (1.2)-(1.4) in the frame of the general Mori-Zwanzig formalism.
Fractional-kinetic approach in Non-Debye theory of dielectric relaxation
The dielectric relaxation in the time domain is described by the normalized relaxation function ψ(t) (ψ(0) = 1), which is connected with the normalized complex dielectric permittivity (NCDP)ε(iω) = (ε(iω)−ε ∞ )/(ε 0 − ε ∞ ) in the frequency domain by the following relationship
In the frame of the linear response approximation, the fluctuations of polarization caused by thermal motion are the same as for the macroscopic dipole relaxation function induced by the electric field [21] . Thus, one can equate approximately the relaxation function and the macroscopic dipole correlation function (DCF) φ(t) to each other:
where M(t) is the macroscopic fluctuating dipole moment of the sample volume unit, which is equaled to the vector sum of all elementary molecular dipoles. The rate and laws governing the DCF φ(t) are directly related to the structural and kinetic properties of the sample and characterize the macroscopic properties of the system under study. The most general way, from our point of view, for calculation of the temporal correlation functions (TCF) (the DCF defined by (2.2) is obviously referred to the TCF as a partial case) is based on the formalism of the projection operators developed earlier by Mori [13] and Zwanzig [22] . This approach can be considered as the most general because it is based on the first principles. In the frame of this approach the equation for the TCF has the form [1] 
Then we use the frequency representation, subjecting the last expression to the Laplace transform. After that we have
Using equation (2.1) we find from (2.5) the desired expression for the NCDP:ε
Comparing expression (2.6) with the known empirical equations (1.1)-(1.4), we conclude that the Laplace image of the IMFM (iω) for the given empirical expressions has the following form:
Havriliak-Negami:
Performing the inverse Laplace transform in equations (2.7)-(2.10) one can obtain expression for the IMF in the time domain, as follows:
Cole-Davidson:
Havriliak-Negami: 14) where the series
determines the three-parameter Mittag-Leffler function [17] and
is the well-known two-parameter Mittag-Leffler function. Here we used the expression [9] 
The substitution of the expressions obtained previously for the IMF into equation (2.4) leads to the following kinetic equations for relaxation function that reproduce the well-known empirical laws for the CDP: Debye:
where we use the following integral operator [9]
20)
denoting the fractional derivative in the RiemannLiouville sense and the expression
is for the Riemann-Liouville fractional integral [18] .
Thus, we proved that for the NCDP expressions corresponding to anomalous dielectric relaxation (including also the Debye's relaxation as a partial case) one can write the corresponding kinetic equations describing evolution of relaxation functions. The distinct feature of these kinetic equations is the presence of non-integer differential operators. So, the kinetic equations of this type are accepted to be called as "fractional kinetics" equations, [19] .
Using the identities exp(−a
(the proofs are given in Mathematical Appendix) one can obtain the additional links between the IMFs (2.12)-(2.14) 
These relationships stress the fact that the CC law is the basic relaxation scenario and the more complex scenarios (CD and HN types) are modifications of the basic one.
Derivation of the Havriliak-Negami equation in the framework of the continued fractions method
In the framework of the Zwanzig-Mori formalism [1] there is another general procedure of the evaluation of the memory function K(t) which, finally, is reduced to the solution of the infinite system of inter-engaging integro-differential equations
where
t )g(t )dt denotes the convolution of the functions f (t), g(t); K n (t) determines the memory function of the n-th order; and K 1 (t) ≡ K(t). The transition to the integral memory functions (K n (t) =
M n (t)) M n (t)) transforms the last system of equations to the form
where f n (t) defines a function which governs by the behavior of M n (t) and K n (t) at t → 0. Let us suppose that the IMF M (t) has the following structure
determines the IMF of the CC process with characteristic relaxation time τ α and stretching exponent α while the IMF M 1 (t) determines another relaxation process which is developed in parallel to the CC process and it is faster in comparison with the CC process. For this case the NCDP is written aŝ
One can find the solution for the IMF M 1 (t) from the system of integral equations (3.2) in the space of the generalized functions (M 1 (t) ∈ D + ). Then in equation (3.2) at n = 1 we put f 1 (t) = f 1reg + f 1sing (t), f 1sing (t) = a 1 δ(t). As a result of these manipulations we obtain
The IMF M n (t) and the functions f n (t) at n ≥ 2 will belong also to the space of the generalized functions (M n (t), f n (t) ∈ D + ) and for them the integral equations (3.2) we determine in the form
where δ (α) (t) = t
is the derivative of the order α from the deltafunction. In the system of equations (3.6) we use another set of functions N n (t) which are related to the previous set of functions M n (t) with the help of non-integer differential operator of the order α, 0 < α < 1. This transition "improves" the initial function, increasing its Holder index:
Then for new set of functions, the system of equations (3.5) and (3.6) obtains the form
(3.8)
Here we put that 0 D
= 0. Then using in equations (3.8), the frequency representation with the help of the Laplace transform, we obtainM
The solution of the system of equations (3.9) and (3.10) can be presented in the form of the continued fraction 11) where the symbol 12) corresponds to the conventional definition of the continued fraction [3] . The substitution of (3.11) in formula (3.4) yields to the following expression for the NCDP, presented in the form of the continued fraction
The selection of the coefficients a n in the form 14) and the characteristic relaxation time of the CC process τ α as 15) yields in accordance with the results of book [3] to continued fraction for HN expression (1.4). As it follows from (3.15) the coefficient β in the HN empirical law is determined by expression β = (τ α /τ ) α and thereby can be interpreted as a share of the CC relaxation channel. Formula (3.14) sets a sequence of the characteristic relaxation times τ α n ≡ a n having the limiting relaxation time τ α ∞ = τ α /4. We want to note that the given sequence of relaxation times (3.14) corresponds to the sequence of ratios
which, in turn, satisfies to the following recurrence relationship
Conclusion
In the final section we want to stress that the memory functions conception in the temporal correlation functions calculations in the framework of the Mori-Zwanzig formalism is an effective analytical tool in derivation of kinetic equations for relaxation functions that reproduces the desired expression for the CDP suggested previously as pure empirical expressions. This link is determined, first of all by the fact, that the dynamic processes leading to anomalous dielectric relaxation have a non-Markovian character. The algorithm suggested in this paper reduces actually the problem to the finding of the proper memory function. The Mori-Zwanzig formalism specially "tuned" for calculation of a set of different memory functions opens a way for microscopic justification of the empirical laws that were suggested previously for description of different dielectric spectra. The method that given in this paper for derivation the HN expression cannot be considered as a rigorous method. It leaves aside the question of justification of the coefficients figuring in the expression (3.14) which actually contain important information about the dynamical processes that take place on microscopic level. More detailed consideration of these unsolved questions deserves a further scientific research. 
